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ABSTRACT
We build equilibrium solutions of magnetised thick discs around a highly spinning Kerr black
hole and evolve these initial data up to a final time of about 100 orbital periods. The numer-
ical simulations reported in this paper solve the general relativistic magnetohydrodynamics
equations using the BHAC code and are performed in axisymmetry. Our study assumes non-
self-gravitating, polytropic, constant angular momentum discs endowed with a purely toroidal
magnetic field. In order to build the initial data we consider three approaches, two of which
incorporate the magnetic field in a self-consistent way and a third approach in which the mag-
netic field is included as a perturbation on to an otherwise purely hydrodynamical solution. To
test the dependence of the evolution on the initial data, we explore four representative values
of the magnetisation parameter spanning from almost hydrodynamical discs to very strongly
magnetised tori. The initial data are perturbed to allow for mass and angular momentum
accretion on to the black hole. Notable differences are found in the long-term evolutions of
the initial data. In particular, our study reveals that highly magnetised discs are unstable, and
hence prone to be fully accreted and expelled, unless the magnetic field is incorporated into
the initial data in a self-consistent way.
Key words: accretion, accretion discs – (magnetohydrodynamics) MHD – black hole physics
– methods: numerical
1 INTRODUCTION
Astrophysical systems consisting of stellar mass black holes sur-
rounded by thick discs (or tori) are broadly regarded as natural end
results of catastrophic events involving compact objects. To a sig-
nificant extent, our theoretical understanding of the formation of
those systems has been built from ever more accurate numerical
simulations. Two distinctive examples that keep receiving major
numerical attention are binary mergers formed by either two neu-
tron stars or by a black hole and a neutron star. Numerical work has
shown that those types of mergers may quite generically lead to ro-
tating black holes surrounded by geometrically thick accretion discs
(see, e.g. Shibata & Taniguchi (2011); Baiotti & Rezzolla (2017)
and references therein).
Likewise, understanding the long-termdynamics of black hole-
torus systems also requires to perform time-dependent numerical
simulations.Most studies havemade use of a rather simplisticmodel
in which the specific angular momentum of the disc is assumed to
be constant. In a purely hydrodynamical context this model is com-
monly refereed to as a ‘Polish doughnut’, after the seminal work
by Abramowicz et al. (1978) (but see also Fishbone & Moncrief
(1976)). The extension to theMHD regime of a constant angularmo-
mentum disc endowed with a toroidal magnetic field was achieved
byKomissarov (2006) (see also Gimeno-Soler & Font (2017) for the
non-constant angular momentum case and Pimentel et al. (2018a,b)
for models including magnetic polarisation). Polish doughnuts have
been extensively used to study instabilities of accretion flows onto
black holes (e.g. the runaway instability (Abramowicz et al. 1983)
and the Papaloizou-Pringle instability (PPI) (Papaloizou & Pringle
1984)) and the formation of jets and outflows (see e.g. Font &
Daigne (2002); De Villiers & Hawley (2003b); Daigne & Font
(2004); Fragile et al. (2007); Dexter & Fragile (2011); Dexter et al.
(2012); McKinney et al. (2012, 2014); Wielgus et al. (2015); Frag-
ile & Sa¸dowski (2017); Bugli et al. (2018); Witzany & Jefremov
(2018); Janiuk et al. (2018)). In all of these works the self-gravity
of the fluid/MHD is neglected in the construction of the equilibrium
configurations and in the subsequent time evolutions. Equilibrium
solutions of self-gravitating tori around black holes, for which the
initial data satisfy the constraint equations of the coupled Euler-
Einstein system, have been obtained in the purely hydrodynamical
constant angular momentum case by Shibata (2007) (see also Mach
et al. (2019) for the magnetised non-constant angular momentum
case) and by Stergioulas (2011) (see Korobkin et al. (2011); Mewes
et al. (2016) for numerical relativity simulations of those solutions).
Moreover, Shibata & Sekiguchi (2012) obtained solutions of self-
gravitating and magnetised tori accounting for the coupled system
of radiation, general relativistic MHD and the Einstein equations.
The way the magnetic field is accounted for in the equilib-
rium solutions is, for most approaches in the literature, essentially
© 0000 The Authors
ar
X
iv
:2
00
1.
09
66
9v
1 
 [g
r-q
c] 
 27
 Ja
n 2
02
0
2 A. Cruz-Osorio, S. Gimeno-Soler, and J.A. Font
arbitrary, i.e., its influence on the disc morphology is not treated
in a self-consistent fashion. As a result, the initial distribution and
strength of themagnetic field in the torusmay impact the subsequent
time evolution and lead to potential inaccuracies. Early attempts,
e.g. Koide et al. (1999), were based on equilibrium hydrodynam-
ical solutions of a disc around a black hole which was arbitrarily
seeded by a uniform magnetic field in the direction perpendicular
to the disc. In most recent approaches, the magnetic field distri-
bution is derived from an ‘ad hoc’ guess for the vector potential.
This allows to study both poloidal and toroidal configurations of
the magnetic field and sets the framework to study the growth of
the magneto-rotational instability (MRI), the redistribution of the
angular momentum and the accretion mechanism itself (De Villiers
& Hawley 2003a,b; Gammie et al. 2003; Anninos et al. 2005; No-
ble et al. 2006; McKinney & Blandford 2009; Hawley et al. 2011;
McKinney et al. 2012; Shiokawa et al. 2012; Sorathia et al. 2013;
Penna et al. 2013; Foucart et al. 2016; Anninos et al. 2017; Porth
et al. 2017; Mizuta et al. 2018). Similar configurations have been
used in recent MHD simulations in general relativity of mini-discs
in binary black hole mergers (Bowen et al. 2018), neutrino-cooled
thick accretion discs (Siegel & Metzger 2017, 2018), or to compute
the shadows around the black holes of SgrA∗ (Chan et al. 2015) or
M87∗ (Event Horizon Telescope Collaboration et al. 2019a,b).
In this paperwe studywhether theway the initial magnetic field
distribution in a thick disc is built has an impact on the long-term
dynamics of the system and, if so, how significant.
To this aim we build magnetised Polish doughnuts around
rotating black holes, neglecting the self-gravity of the discs and
using three different approaches to account for the magnetic field,
namely: i) a purely hydrodynamical solution (see e.g. Abramowicz
et al. (1978); Font & Daigne (2002); Daigne & Font (2004)) in
which an ‘ad hoc’ toroidal magnetic field is seeded afterwards; ii)
the self-consistent solution from Komissarov (2006), in which the
distribution of the rest-mass density of the disc is coupled to the
toroidalmagnetic field through the equation of state for themagnetic
pressure; this approach assumes that the fluid is thermodynamically
non-relativistic; and iii) the self-consistent approach of Komissarov
(2006) but dropping the assumption of a thermodynamically non-
relativistic fluid, as done inMontero et al. (2007) and Gimeno-Soler
et al. (2019). Using these three approaches we build initial data and
compare their non-linear dynamical evolutions bymeans of axisym-
metric numerical simulations, finding interesting differences. Our
study has been limited to axisymmetry to reduce the computational
cost involved in the simulations, since we are interested in the long-
term dynamics of the discs, which are evolved up to 100 orbital
periods. We note that the first approach has been employed in some
general relativisticmagneto-hydrodynamics (GRMHD) simulations
of magnetised thick discs (e.g. Gammie et al. (2003); Noble et al.
(2006); Shiokawa et al. (2012); Porth et al. (2017); Mizuta et al.
(2018); Bowen et al. (2018)) albeit for poloidal configurations of
the magnetic field which are MRI unstable.
All configurations considered in this paper are purely toroidal.
Currently, our self-consistent approach to build stationary magne-
tised discs around black holes can only accommodate toroidal mag-
netic fields. We plan to extend our approach to poloidal magnetic
fields in the future and, if possible, perform a similar comparison
with the ad hoc poloidal magnetic field configurations employed in
the literature.
The paper is organised as follows: In Section 2 we summarise
the problem setup, i.e. the equations of general relativistic MHD
and the numerical code. Section 3 describes the three types of
approaches we follow to construct the initial data for magnetised
tori. The results of the time evolutions and the comparison among
the three approaches are presented in Section 4. Finally Section 5
summarises our conclusions. Unless stated otherwise we use ge-
ometrised units in which the light speed, Newton’s constant, and
the mass of the black hole are equal to one, c = G = M = 1, the
Kerr metric has the signature (−,+,+,+), and the 1/4pi factor in the
MHD equations is assumed to be one.
2 SETUP
To describe the Kerr black hole spacetime we use horizon-
penetrating Kerr-Schild coordinates with a logarithmic radial co-
ordinate. In the 3+1 decomposition the line element and metric
potentials are written as
ds2 = −(α2 − βi βi)dt2 + 2βidxidt + γi jdxidx j, (1)
α =
(
1 + 2MeR/%2
)−1/2
,
βR = eR
2M
%2
(
1 + 2MeR/%2
)−1
,
γRR =
(
1 + 2MeR/%2
)
e2R, γθθ = %2,
γRφ = −aeR
(
1 + 2MeR/%2
)
sin2 θ,
γφφ = sin2 θ [ %2 + a2
(
1 + 2MeR/%2
)
sin2 θ]
where M stands for mass of the black hole and a = J/M is the
rescaled angular momentum of the black hole. Note that, in the
above expressions the lapse function α, the shift vector βi and the
three-metric components γi j are written using a modified Kerr-
Schild coordinate such as r = eR (and then %2 ≡ e2R + a2 cos2 θ).
The general relativistic ideal MHD (GRMHD) evolution equa-
tions are obtained from the baryon number conservation, the local
conservation of the energy-momentum tensor Tµν and the Maxwell
equations
∇µ(ρuµ) = 0 , (2)
∇µTµν = 0 , (3)
∇µ ∗Fµν = 0 , (4)
where ρ is the rest-mass density, and Fµν and ∗Fµν = bµuν − bνuµ
are the Faraday tensor and its dual with respect to an observer with
four-velocity uµ , respectively. The energy-momentum tensor for a
magnetised perfect fluid can be written as
Tµν = ρhtotuµuν + ptotgµν − bµbν, (5)
where htot = 1 +  + p/ρ + b2/ρ is the total specific enthalpy,
ptot = p + pm is the total pressure and pm = b2/2 can be seen as
the magnetic field contribution to the total pressure, and b2 = bµbµ
is the square of the magnetic field four-vector. Given the spacetime
metric we can write the GRMHD equations in flux-conservative
form, in the so-called Valencia formulation (for details see Antón
et al. 2006; Porth et al. 2017).
The numerical simulations reported in this paper are per-
formed in axisymmetry using the BHAC code (Porth et al. 2017).
This code solves the GRMHD equations with a third-order Runge-
Kutta method of lines (Shu & Osher 1988) together with high-
resolution shock-capturing algorithms. We use the HLLE two-wave
flux formula (Harten et al. 1983; Einfeldt 1988) and a modified five-
order WENO-Z cell reconstruction scheme (Acker et al. 2016). We
note that modern extensions of HLLE such as the five-wave HLLD
method (Mignone et al. 2009; Matsumoto et al. 2019), where the
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Figure 1. Grid resolution comparison: evolution of the maximum rest-mass density normalised by the initial value (left) and of the mass of the disc (right)
for model KMρ-D. The time is given in units of the orbital period at the centre of the disc and the effective number of zones employed in each simulation are
indicated in the legend. For all grid resolutions, the density maximum and the mass of the disc gradually decrease as a result of accretion until they reach
constant asymptotic values. With the standard base grid used in our simulations, the final values of the two quantities are underestimated by about 10%.
complete fan of waves is considered, are not yet implemented in
BHAC. The preservation of the no magnetic monopoles constric-
tion is achieved by using the flux constrained transport method (for
more details see Olivares Sánchez et al. 2018). Primitive variables
are recovered using the inversion technique 2DW from Noble et al.
(2006). The density and the pressure of the atmosphere outside of
the magnetised tori used in our simulations are ρatm = ρ0r−3/2 and
patm = p0r−5/2 where ρ0 = 10−5 and p0 = 10−7 as used in Noble
et al. (2006). In addition, themagnetic field is set to zero if ρ ≤ ρatm.
Both to build the initial data and in the time-dependent simu-
lations we use a numerical (r, θ) grid with three refinement levels
in a domain r ∈ [0.5M, 1000M]. Outflow boundary conditions are
applied in the radial direction and reflecting boundary conditions
in the angular direction. We use three levels of octree adaptive
mesh refinement in the base grid with 512 × 256 zones in r × θ,
respectively. The error estimator formula from Löhner (1987) is
applied to the rest-mass density and magnetic field with a tolerance
of 0.1. This error is monitored every 1000 time iterations, changing
the grid resolution when necessary. Our two finer grids have thus
1024 × 512 and 2048 × 1024 zones, respectively. Test runs with a
factor 2 coarser and finer grids have been carried out for validation
purposes, as displayed in Fig. 1. This figure shows the time evolution
for over 50 orbital periods of the (normalised) mass of one of our
accretion discs and of the maximum of the rest-mass density. For
this grid comparison we employ a representative highly magnetised
model of our sample (namely, case D of model KMρ; see below). We
explore three effective resolutions, with 1024 × 512, 2048 × 1024
and 4096 × 2048 cells, respectively. In the two quantities plotted in
Fig. 1 we can see that, as a result of accretion on to the black hole,
the density maximum and the mass of the disc gradually decrease
until they reach constant asymptotic values. While the particular fi-
nal values are sensitive to the resolution employed, the actual trend
is similar for all resolutions. From this figure we conclude that, with
our standard base grid, the final values of the maximum density and
of the mass of the disc are underestimated by about 10%. Keeping
this in mind, and considering that employing a high-resolution grid
with 4096 × 2048 zones would be highly time-consuming (even in
axisymmetry) for our long-term evolutions extending up to about
100 orbital periods, we use the standard base grid in all results
discussed in this paper.
3 INITIAL DATA FOR MAGNETISED THICK DISCS
Since the standard procedure to build a stationary accretion disc
around a Kerr black hole is well known, we will only sketch
it here skipping most details. The interested reader is addressed
to Abramowicz et al. (1978); Komissarov (2006); Montero et al.
(2007) for details.
We begin by assuming a stationary and axisymmetric fluid
field in a Kerr background. Also, we consider a purely toroidal
magnetic field (i.e. br = bθ = 0). By contracting the conservation
law for the energy-momentum tensor with the projection tensor
hα
β
= δα
β
+uαuβ and following Komissarov (2006), we can rewrite
the conservation law in terms of the specific angular momentum
l = −uφ/ut and of the angular velocity Ω = uφ/ut , to obtain
∂i(ln ut |) − Ω∂i l1 − lΩ +
∂ip
ρh
+
∂i(Lb2)
2Lρh = 0 , (6)
where i = r, θ and L ≡ g2tφ − gttgφφ . It is also useful to intro-
duce the definition of total (gravitational plus centrifugal) poten-
tial (Abramowicz et al. 1978) as
W = ln |ut | −
∫ l∞
l
Ω∂i l
1 − lΩ . (7)
From this point on, and as we previously mentioned, we take three
different approaches to integrate Eq. (6) which are discussed next.
3.1 Non-magnetised torus plus toroidal magnetic field
Following the procedure described by Font & Daigne (2002) we
can construct a non-magnetised torus and subsequently seed it with
a magnetic field. We denote the corresponding model as MFD. To do
this, we simply need to take b = 0 in Eq. (6). Then, assuming a con-
stant distribution of angular momentum and a barotropic equation
of state (EoS) ρ = ρ(p) we can rewrite Eq. (6) as
d
(
ln |ut | +
∫ p
0
dp
ρh
)
= 0 . (8)
At the inner edge of the disc we assume ut = utin and p = 0, and we
can rewrite the above equation as
W −Win +
∫ p
0
dp
ρh
= 0 (9)
MNRAS 000, 000–000 (0000)
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where we have used the definition of the potential, Eq. (7). Using a
polytropic EoS p = KρΓ, with K and Γ constants, and the definition
of the specific enthalpy, we can integrate Eq. (9)
Win −W = ln hhin , (10)
which can be rewritten as
h = hine∆W , (11)
where ∆W = Win −W . Then, we can write the expressions for the
rest-mass density and the fluid pressure
ρ =
(
Γ − 1
Γ
(hine∆W − 1)
K
)1/(Γ−1)
, (12)
p =
(
Γ − 1
Γ
(hine∆W − 1)
K1/Γ
)Γ/(Γ−1)
. (13)
To complete the model, following Porth et al. (2017) we add
an ‘ad hoc’ toroidal magnetic field in the following way: we choose
a value for the magnetisation parameter βm = p/pm and insert
Eq. (13) in its definition to arrive at
pm =
1
βm
(
Γ − 1
Γ
(hine∆W − 1)
K1/Γ
)Γ/(Γ−1)
, (14)
which provides the magnetic pressure in this approach. Note that,
in this model, the ratio between the pressure p and the magnetic
pressure pm (i.e., βm) remains constant throughout the disc. To
obtain the non-zero components of the magnetic field, we use
bφ =
√
2pm
A , (15)
bt = lbφ, (16)
where A ≡ gφφ + 2lgtφ + l2gtt .
3.2 Magnetised torus plus relativistic fluid
Our second approach follows the procedure described in Montero
et al. (2007) which takes into account the magnetic field from the
beginning to construct the disc in a self-consistent way. We denote
this model as KMρ. First, we choose a barotropic EoS ρ = ρ(p) of
the same form as before
p = KρΓ , (17)
and we introduce the magnetic pressure, pm = b2/2, and the fol-
lowing quantities: w = ρh, , w˜ = Lw and p˜m = Lpm. We can write
a similar equation to Eq. (17) for the magnetic pressure
p˜m = Kmw˜q , (18)
where Km and q are constants. In terms of the magnetic pressure,
this equation reads
pm = KmLq−1wq . (19)
This particular choices of EoS for the fluid pressure and themagnetic
pressure fulfill the general relativistic version of the von Zeipel
theorem for a toroidal magnetic field (von Zeipel 1924; Zanotti &
Pugliese 2015). This allows us to integrate Eq. (6)
ln |ut | −
∫ l
0
Ωdl
1 −Ωl +
∫ p
0
dp
ρh
+
∫ p˜m
0
dp˜m
w˜
= const. (20)
Following the same reasoning as in the previous section, we can
find the constant of integration as
const. = ln |ut | −
∫ l
lin
Ωdl
1 −Ωl . (21)
If we insert in this expression the definition of the total potential
Eq. (7) we can rewrite the previous expression as
W −Win =
∫ p
0
dp
ρh
+
∫ p˜m
0
dp˜m
w˜
. (22)
Substituting the EoS and taking into account that our fluid is ideal
and isentropic, we can integrate Eq. (22) as
W −Win + ln
(
h
hin
)
+
q
q − 1Km(Lw)
q−1 = 0 , (23)
where we have used that pin = pm,in = ρin = 0. We can rewrite this
equation in terms of the rest-mass density ρ
W −Win + ln
(
1 +
KΓ
Γ − 1 ρ
Γ−1
)
+
q
q − 1Km
[
L
(
ρ +
KΓρΓ
Γ − 1
)]q−1
= 0. (24)
We should note that Eq. (23) is equivalent to Eq. (11) in the previous
section for a non-magnetised flow (Km = 0). Also, it is important
to note that Eq. (24) is a trascendental equation and must be solved
numerically.
3.3 Magnetised torus plus non-relativistic fluid
We describe next our third procedure to build a magnetised torus.
This one is based on the approach introduced byKomissarov (2006).
This solution is obtained by assuming the rest-mass density ρ to be
almost equal to the fluid enthalpy ρ ' w (i.e. h ' 1). This approx-
imation means that the fluid is non-relativistic from a thermody-
namical point of view. We denote the corresponding disc model as
KMh.
Since ρ ' w, we rewrite Eq. (17) as p = KwΓ. Substituting
this into the definition of the specific enthalpy h and taking the
first-order Taylor series expansion of the logarithm around h ' 1 of
Eq. (23) yields
W −Win + KΓ
Γ − 1w
Γ−1 + q
q − 1Km(Lw)
q−1 = 0 , (25)
which is the equation for w obtained by Komissarov (2006) and it
can be solved algebraically.
It is interesting to make a few remarks concerning the validity
of the approximation. First of all, we can neglect the magnetic field
(i.e. Km → 0) to obtain the non-magnetised fluid approximation. In
this case, we can see that the specific enthalpy can be written as
h = 1 + |∆W |. (26)
This result can be considered as the first-order Taylor series approxi-
mation of Eq. (11). Then, this shows that, for a non-magnetised flow,
h ' 1 is valid only for small values of |∆W |. This is not a source
of concern as the upper bound1 for |∆W | goes from |∆W | ' 0.0431
for a Schwarzschild black hole (a = 0) to |∆W | = 12 ln 3 ' 0.549
for a extremal Kerr black hole (a = 1) (Abramowicz et al. 1978).
1 The upper bound of |∆W | is achieved for a Keplerian angular momentum
at the radius of the marginally bound orbit, l = lK(rmb) and rin = rmb (this
impliesWin = 0).
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Table 1. Summary of some relevant quantities of our different models, namely: the magnetisation parameter at the centre of the disc βm,c, the location of the
maximum of the rest-mass density rmax, the radial location of the outer boundary of the disc at the equatorial plane rout (the inner boundary is at rin=1.25 for
all discs), the maximum of the rest-mass density of the initial data ρmax,0 (adjusted for a disc initial mass of M = 0.1MBH), the mass of the disc at the initial
time Mdisc,0, the maximum of the rest-mass density at the end of our simulation ρmax,F, and the final mass of the disc Mdisc,F.
Model βm,c rmax rout ρmax,0 Mdisc,0 ρmax,F Mdisc,F
MFD-A 103 1.99 209.0 4.47 × 10−4 0.1000 7.78 × 10−4 0.0737
MFD-B 101 1.99 209.0 4.47 × 10−4 0.1000 4.66 × 10−4 0.0744
MFD-C 10−1 1.99 209.0 4.47 × 10−4 0.1000 3.01 × 10−5 0.0084
MFD-D 10−3 1.99 209.0 4.47 × 10−4 0.1000 4.47 × 10−9 0.0000
KMh-A 103 1.99 37.40 1.71 × 10−3 0.1000 1.51 × 10−3 0.0911
KMh-B 101 1.92 36.41 1.71 × 10−3 0.0643 1.33 × 10−3 0.0592
KMh-C 10−1 1.57 28.97 2.99 × 10−3 0.0234 7.31 × 10−4 0.0078
KMh-D 10−3 1.54 28.21 3.41 × 10−3 0.0237 5.07 × 10−4 0.0054
KMρ-A 103 1.99 37.40 1.84 × 10−3 0.100 2.12 × 10−3 0.0902
KMρ-B 101 1.92 36.41 1.83 × 10−3 0.071 1.69 × 10−3 0.0656
KMρ-C 10−1 1.57 28.97 3.25 × 10−3 0.025 8.37 × 10−4 0.0083
KMρ-D 10−3 1.54 28.21 3.63 × 10−3 0.025 5.57 × 10−4 0.0058
Conversely, for a strongly magnetised disc, pm  p, it is easy to
see that no approximation is done, and this also could be seen as
h → 1 when K → 0. This shows that the non-relativistic fluid
approximation is always valid for strong enough magnetised flows
(irrespective of the value of the total potential well |∆W |).
3.4 Parameters and construction of the discs
In order to build the discs we have to choose a suitable set of
parameters for each one of the three approaches. For the MFDmodel
(and following Font & Daigne (2002)) we fix the specific enthalpy
at the inner edge of the disc as hin = 1 and the polytropic constant
as K = 1.5× 1020cgs. The free parameters for this approach are the
adiabatic exponent Γ, the radial coordinate of the inner edge of the
disc rin (and thus, the total potential at the inner edge of the disc
Win), and the specific angular momentum l. For the KMρ model, we
fix the rest-mass density at the centre ρc as ρc = 1 and we also set
the exponent of the magnetic pressure EoS equal to the exponent of
the fluid pressure EoS, q = Γ. The free parameters for this approach
are then Γ, rin, l, and the magnetisation parameter at the centre of
the disc, βm,c. Finally, for the KMhmodel, we proceed as for the KMρ
model but fixing the fluid enthalpy at the centre, wc = 1.
For the sake of simplifying the comparison between the three
approaches, we fixmost of the parameters that characterise the discs
and only vary the value of the magnetisation parameter. Therefore,
our discs are described by the following set of parameters: the poly-
tropic exponent, which is set to Γ = 4/3, the constant specific
angular momentum, which is set to the value of the Keplerian an-
gular momentum at the marginally bound orbit l = lK(rmb) = 2.2,
the radial coordinate of the inner edge of the disc, which is cho-
sen to be such that Win = 0.1Wc and leads to rin = 1.25 (then,
the potential gap is set to ∆W = 0.222), the black hole spin, set
to a = 0.99, the radius of the cusp, rcusp = 1.21, and the radius
of the centre of the disc, rc = 1.99. We furthermore introduce a
dynamical timescale given by the orbital period measured at the
centre of the tori, torb = 23.86. In total we build and evolve 12
equilibrium models, corresponding to the three ways to construct
the initial data for magnetised tori, namely MFD, KMh, and KMρ, and
four different values of the magnetisation parameter at the centre
of the disc, βm,c = 103, 10, 10−1, and 10−3, cases A, B, C and D,
respectively. Case A corresponds to a weakly magnetised disc (i.e.,
nearly purely hydrodynamical) and case D is a highly magnetised
torus, while the other two are intermediate cases. Numerical values
for some relevant quantities characterising the 12 disc models are
reported in Table 1. In order to test the dynamics of the tori, we
apply a 4% perturbation on the thermal pressure, namely we use
p = p(1+0.04χr ), where χr = (2ri −1) and ri is a random number.
We note that, while the discs do not completely fill their correspond-
ing Roche lobe, the addition of this perturbation is enough to trigger
accretion.
4 RESULTS
4.1 Initial data
We start by discussing the initial data of the 12 disc models we are
going to evolve. These models are depicted in Figs. 2 to 5, which
display the 2D morphology of the discs (Fig. 2) and the radial
profiles of selected quantities on the equatorial plane (Figs. 3 to 5).
Fig. 2 shows the logarithm of the rest-mass density and the
logarithm of the magnetisation parameter for our sample of 12 ini-
tial models. Each row of this figure corresponds to a different value
of the magnetisation parameter at the centre of the disc and each
column indicates one of the three approaches we use to construct
the magnetised discs. We note that, despite the atmosphere has no
magnetic field, in order to plot the magnetisation βm = p/pm we
need to select a non-zero value of the magnetic pressure (namely,
pm = 10−10). This explains the spherical distribution of the mag-
netisation parameter visible outside the discs in figure 2 (and in
Fig. 6 below).
For models MFD-A to MFD-D (left panel of the first column),
the rest-mass density and all thermodynamical quantities are iden-
tical due to the fact that the initial data for these models are purely
hydrodynamical at first (i.e., at t = 0, the fluid pressure and the
magnetic pressure distributions do not see each other and the inter-
action between them is introduced from the first timestep onward).
By contrast, the morphology of models KMh and KMρ (middle and
right columns) changes for varying values of βm,c. In particular,
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Figure 2. Initial morphology of the rest-mass density (left side of each panel) and magnetisation parameter βm (right side of each panel) for our sample of
magnetised tori around a Kerr black hole with spin a = 0.99 (black circle). From left to right, the columns correspond to models built following the MFD,
KMh, and KMρ approaches, respectively. From top to bottom, the rows correspond to models with different values of the magnetisation parameter βm,c, namely
103, 101, 10−1, and 10−3. The domain plotted on each panel corresponds to (x, z) ∈ [−40M, 40M] × [−40M, 40M]. For models KMh and KMρ the discs
are smaller and the maximum of the density is further inward the lower the value of βm,c. Models MFD do not show such dependence as they are purely
hydrodynamical initially.
the size of the disc is smaller for lower values of the magnetisation
parameter (i.e. a stronger magnetic field) at the centre βm,c, and the
location of the maximum of the density moves towards the inner
edge of the disc. This can be better observed in Fig. 3, where we plot
the logarithm of the rest-mass density versus the logarithm of the
radial coordinate at the equatorial plane. The radial location of the
outer boundary of the discs along the equatorial plane is reported
in Table 1. We note that the maximum of the rest-mass density for
models KMh-A and KMh-B is less than one. The reason is because,
in this approach, we set wc = 1, and then ρc = wc/hc. It follows
from Eq. (26) that ρc = 1/(1 − |Wc − Win |) < 1. The interested
reader is addressed to Gimeno-Soler & Font (2017) and Gimeno-
Soler et al. (2019) for an extensive discussion on the morphology
of magnetised discs for different degrees of magnetisation.
In Fig. 4 we show the 1D initial profiles of the magnetisation at
the equatorial plane for each procedure and also the location of the
maximum of the rest-mass density, indicated by the vertical lines.
For the purely hydrodynamical solutions MFD the location of this
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Figure 3. Radial profiles of the rest-mass density at the equatorial plane at
the initial time for the four values of themagnetisation parameter considered,
indicated in the legends. Blue, red and green lines correspond to approaches
MFD, KMh and KMρ to build the initial data, respectively. The radial extent
of the MFD discs does not depend on βm and is significantly larger than that
of the two other approaches that incorporate the magnetic field in a self-
consistent way. KMh and KMρ discs are hardly distinguishable, becoming
practically identical in the most highly magnetised cases (the red and green
lines overlap in the bottom panels).
maximum is at the centre of the disc (vertical blue line). As it can
be seen, the behaviour of βm is different for the models MFD on the
one hand and for the models KMh and KMρ on the other hand. This
is expected, as the method to build the magnetic field is different.
In particular, as we mentioned before, for the MFD approach βm is
constant throughout the disc, and for the KMh and KMρ cases βm
decreases with increasing radial coordinate. This fact can be easily
explained when βm is written as
βm =
K
KmLΓ−1
, (27)
for the KMh models, and as
βm =
K
KmhΓLΓ−1
, (28)
for the KMρ models. The presence of the specific enthalpy h in
equation (28) also explains the differences observed between the
cases A and B for models KMh and KMρ. Additionally, in Fig. 5
we show the initial radial profiles at the equatorial plane of the
specific angular momentum, the Keplerian angular momentum and
the location of the maximum of the rest-mass density (indicated
with blue, red and green vertical lines for models MFD, KMh and
KMρ respectively). By construction, the specific angular momentum
is initially constant and we can observe that, with respect to the
Keplerian angular momentum, the disc is divided into two regions:
Figure 4. Radial profiles of the disc magnetisation at the equatorial plane at
the initial time for the four values of themagnetisation parameter considered,
indicated in the legends. Blue, red and green lines correspond to approaches
MFD, KMh and KMρ, respectively. Whereas for MFD discs, βm is constant
along the disc, for approaches KMh and KMρ the magnetisation parameter
distribution follows Eq. (27) and Eq. (28), respectively. The vertical lines
indicate the location of the maximum of the rest-mass density for each disc
using the same color code. Beyond this maximum, KMh and KMρ discs are
significantly more magnetised than MFD discs.
A first super-Keplerian region, spanning the interval [rin, rc) and a
second sub-Keplerian region at (rc, rout].
4.2 Late time morphology
We evolve the initial data for about 100 orbital periods in order
to find out whether noticeable long-term differences appear in the
discs, both with respect to the initial data and among them, due to
the way the magnetic field is set up in the three approaches. The
results of the simulations are depicted in Figs. 6 to 9. In addition,
Figs. 10 and 11 show the time evolution of the fraction of the initial
total mass that remains in the disc and the time evolution of the
rest-mass density at the centre of the disc normalised by its value at
the initial time, respectively.
The late time 2D morphology of the discs is shown in Fig. 6.
As in Fig. 2, the columns correspond to the three different models
(namely MFD, KMh and KMρ), the rows correspond to the four values
of the magnetisation parameter that we have considered (namely
103, 10, 10−1, 10−3). Likewise, the left half of each panel of Fig. 6
displays the logarithm of the rest-mass density whereas the right
half displays the magnetisation parameter in logarithmic scale.
The perturbation of the initial data triggers accretion of the
material of the discs on to the black hole. Figure 6 shows that for
the lowest magnetisation we have considered (βm,c = 103), the rest-
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Figure 5. Radial profiles of the specific angular momentum at the equatorial
plane at the initial time for the four values of the magnetisation parameter
considered, indicated in the legends. Blue, red and green lines correspond
to approaches MFD, KMh and KMρ, respectively, and the vertical lines show
the location of the maximum of the rest-mass density for each disc using the
same color code. The specific angular momentum is initially constant and
equal for all models, by construction. With respect to the Keplerian angular
momentum profile, depicted by the grey line, all discs are composed of an
inner super-Keplerian region, [rin, rc), and an outer sub-Keplerian region,
(rc, rout].
mass density distribution of the discs after the evolution is very
similar for the three approaches. In particular, the only perceptible
difference is that the disc built using the MFD approach is slightly
bigger. Regarding the evolution of themagnetisation, we can see that
after 100 orbital periods the discs have undergone a redistribution
of their magnetic field, with the appearance of a slightly more
magnetised toroidal region (with respect to the initial data values)
which coincides with the most dense region of the disc. We note
that the disc built with the MFD approach is the less magnetised of
the three approaches.
This trend continues when we observe the second row of Fig. 6
(which corresponds to βm,c = 10). In this case, the differences
between the MFD and the KM approaches are more apparent: the discs
are smaller and more magnetised in both KM cases when compared
to the MFD disc. Nevertheless, the morphology of the three discs is
still quite similar.
So far, we have compared low magnetised models, so it is ex-
pected that the discrepancy between the different approaches should
be small. In particular, the addition of the magnetic field for the low-
magnetised MFD models introduces only a small perturbation of the
fluid pressure (the magnetic pressure). However, when the mag-
netisation parameter goes below βm = 1, the magnetic pressure
becomes larger than the fluid pressure and it is not longer possible
for it to be considered as a small perturbation.
In the third rowof Fig. 6we consider discswith amagnetisation
parameter of βm,c = 10−1, Here, we start to see the limits of the MFD
approach. As we can observe, the outcome of the evolution is now
very different for the MFD and the KMh and KMρ approaches. In the
first case, the disc is significantly bigger, the maximum rest-mass
density is significantly lower and it is less magnetised than its KM
counterparts. This is caused by the introduction of the magnetic
field as a perturbation of the pressure; in this case, the (overall)
perturbation is large enough to further intensify the accretion of a
significant part of the disc (hence the drop of the maximum of the
rest-mass density). Nevertheless, for this value of the magnetisation
parameter the shape of the disc is not yet drastically altered.
Finally, in the last row of Fig. 6, we show the outcome of the
evolution of the highest magnetised discs we have considered in
this work. In this case, after 100 orbital periods, the disc built using
approach MFD has entirely disappeared. The reason is because, as
discussed before, the ‘ad hoc’ magnetic field is introduced as a
perturbation of the pressure, but compared to the previous case it is
now 100 times bigger (as βm = 10−3). Therefore, the magnetisation
is sufficiently large to disrupt the disc in such a way that by the
end of the simulation the disc material has been either accreted by
the black hole or expelled away, leaving behind a low-magnetised
remnant hardly distinguishable from the atmosphere.
It is worth now to describe the 2D morphology of the discs at
t ∼ 100torb for both KM models and magnetisations βm,c = 10−1
and βm = 10−3. For these two cases, it is apparent that the final
disc is significantly smaller when compared to its intial state. Also,
it can be seen that the value of the maximum rest-mass density is
also smaller. This is due to the initial perturbation we applied in the
pressure. As these highly-magnetised discs have the location of the
maximum of the rest-mass density rmax closer to the inner edge of
the disc (and hence, closer to the black hole), a perturbation can
trigger the accretion of a greater amount of matter in an easier way.
The magnetisation distribution of these discs is also different. The
central, highest density region ends up becoming less magnetised
than at the start of the simulation, whereas the external, less dense
layers of the disc are endowed with a stronger magnetic field than
at the initial time. Besides this, we can also see that the two KM
approaches yield almost the same outcome after the evolution. This
is expected, as they coincide when βm → 0.
In Figs. 7, 8 and 9 we show radial slices along the equatorial
plane of the rest-mass density, the magnetisation parameter, and
the specific angular momentum, respectively. The rest-mass density
plots show that for low magnetisation (high values of βm) the radial
profiles at the end of the evolution closely resemble those at t = 0,
irrespective of the prescription employed to account for the mag-
netic field. In particular, the peak values and location of the density
remain roughly the same of the initial values. (The differences in
the location of the density maxima can be appreciated best by com-
paring the radial position of the vertical lines in Fig. 8 with their
counterparts in Fig. 4. Note that the radial scale is logarithmic.)
The most important difference is the formation of a more extended,
low-density, envelope for large radii for the three models. However,
for the two most highly magnetized models, the late time radial
profiles of the density show important differences with the initial
profiles. As we also observed in Fig. 6, while approaches KMh and
KMρ still show disc-like profiles (albeit smaller and the peak density
has decreased to ∼ 3 × 10−1 for models C and to ∼ 2 × 10−1 for
models D by t ∼ 100 torb), the MFD-C model rest-mass profile is
more similar to the ones found in less magnetised models but it has
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Figure 6. Final morphology (at t ∼ 100torb) of the rest-mass density (left side of each panel) and magnetisation parameter βm (right side of each panel)
for our sample of magnetised tori around a Kerr black hole with spin a = 0.99. From left to right, the columns correspond to models built following the
MFD, KMh, and KMρ approaches, respectively. From top to bottom, the rows correspond to models with different values of the magnetisation parameter βm,c,
namely 103, 101, 10−1, and 10−3. The domain plotted on each panel corresponds to (x, z) ∈ [−15M, 15M] × [−15M, 15M]. For low magnetisation values
(βm,c = 103 and 10), the final rest-mass density distribution of the discs is similar for the three approaches but the MFD discs become less magnetised than the
other two. However, for high magnetisation values the MFD discs are significantly perturbed to even become completely disrupted for βm,c = 10−3. KMh, and
KMρ discs remain stable throughout although they become significantly smaller compared to their original size, due to accretion.
suffered a heavy mass loss, with a maximum density at t ∼ 100 torb
of ρmax ∼ 7×10−2, and the MFD-Dmodel has completely vanished,
leaving behind only a very low density remnant far from the central
black hole. It is also worth noting that, for the two most highly
magnetized models, the location of the maximum of the rest-mass
density rmax has barely drifted away from the black hole.
The inspection of Fig. 8 and the comparison with Fig. 4 reveals
that themagnetisation parameter along the disc decreases for weakly
magnetised models (A and B) but grows for the stronger magnetised
cases (C and D). This suggests a value of βm,c ∼ 1 for which the
magnetisation of the disc is constant during the evolution. The
mechanism responsible for the redistribution of the magnetisation
is, most likely, the radial compression and expansion that the discs
suffer during the evolution. Radial compression of themagnetic field
lines lead, in turn, to the local amplification of the magnetic field.
On the one hand, for models A and B (and MFD-C), Fig. 7 shows
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Figure 7. Radial profiles of the rest-mass density at the equatorial plane at
the end of the evolution (100.61torb) for the four values of the magnetisation
parameter considered, indicated in the legends. Blue, red and green lines
correspond to approaches MFD, KMh and KMρ, respectively. Comparing with
the initial profiles (Fig. 3) the general shape of the discs is preserved during
the evolution, except for model MFD-D (blue line at the bottom-right panels)
where the disc is destroyed. The agreement between approaches KMh and
KMρ is also maintained.
that, even though the morphology of the discs does not change
significantly, the central parts become a little more compact by the
end of the evolution. The infall of matter into those central regions
produces the corresponding local amplification of the magnetic
field (as observed in Fig. 6). On the other hand, for the two most
magnetised models C and D, the dynamics leads to the appearance
of two distinct regions in the disc (best visible for βm = 10−3; see
also Fig. 6): a central less magnetised region surrounded by a region
where the magnetic field has been slightly amplified.
Radial profiles of the final angular momentum along the equa-
torial plane are depicted in Fig. 9. This figure reveals a redistribution
of the specific angular momentum along the disc. For cases A and
B (and case MFD-C), and irrespective of the approach used to incor-
porate the magnetic field, the specific angular momentum increases
slightly in the central region of the disc but overall stays roughly
constant. However, for the KM models C and D we end up with a
different configuration: a lower l region near the inner edge of the
disc as in the previous cases, a second high-density region with
l > 2.2 containing a local maximum of the specific angular mo-
mentum, and a third low-density region, also with l > 2.2, which
contains the absolute maximum of the specific angular momentum.
In any event, the specific angular momentum does not change much
during the evolution (at most ± ∼ 5%). Moreover, it can be seen that
the initial structure (an inner super-Keplerian region and an outer
sub-Keplerian region) is preserved during the evolution.
Figure 8. Radial profiles of the disc magnetisation at the equatorial plane at
the end of the evolution (100.61torb) for the four values of the magnetisation
parameter considered, indicated in the legends. Blue, red and green lines
correspond to approaches MFD, KMh and KMρ, respectively, and the vertical
lines show the location of the maximum of the rest-mass density for each
disc using the same color code. For weakly magnetised disks (top panels) the
magnetisation is roughly constant along the disc and its value only increases
slightly with respect to its initial value (cf. Fig. 4. For strongly magnetised
disks (bottom panels), and for approaches KMh and KMρ, we observe the
development of a highly magnetised envelope surrounding the high-density
central region of the disc.
The change in the location of the maximum of the rest-mass
density for models KMh-C/D and KMρ-C/D is worth a further com-
ment. The fact that a non-constant angular momentum region devel-
ops during the evolution of these models and that the inner region
of the discs lose part of their magnetisation are the reason of said
drift in rmax. That can be seen in the central panel of Fig. (6)
shown in Gimeno-Soler & Font (2017), where the authors plot rmax
vs. log10 βm,c for a Kerr black hole with spin parameter a = 0.99
and for three different non-constant angular momentum distribu-
tions (the black line in that figure represents our KMh models). As it
can be seen inGimeno-Soler&Font (2017), the drop of themagneti-
sation would not be enough to achieve the values of rmax we observe
here; we would need a change in the specific angular-momentum
distribution as well.
In Fig. 10 and Fig. 11we show the time evolution of themass of
the discs and of the maximum of the rest-mass density (normalised
by the initial values). The disc mass is computed using
m =
∫ √
γWρ d3x . (29)
The values of these two quantities, at the initial and final times,
are reported in Table 1. We find that, for the three approaches and
the lowest magnetised models (i.e., A and B), the maximum of the
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Figure 9. Radial profiles of the specific angular momentum at the equatorial
plane at the end of the evolution (100.61torb) for the four values of the
magnetisation parameter considered, indicated in the legends. Blue, red and
green lines correspond to approaches MFD, KMh and KMρ, respectively, and
the vertical lines show the location of the maximum of the rest-mass density
for each disc using the same color code. TheKeplerian angular momentum is
depicted with a grey line. The comparison with the initial profile (cf. Fig. 5)
shows that the angular momentum drops in the inner regions of the discs for
all models and increases slightly above 2.2 in the rest. The increase is larger
for strongly magnetised discs (bottom panels) where an external envelope
with a higher value of the angular momentum forms, coinciding with the
highly magnetised region observed in Fig. 8.
rest-mass density is oscillating, but remains close to its initial value.
With respect to the fraction of the mass in the disc, we see that the
initial perturbation triggers the accretion of a very small fraction of
the total mass for the KM models (> 90% of the mass survives after
an evolution of t ∼ 100 torb). A bit less (about a 75% of the total
mass) survives for models MFD-A and MFD-B,which we attribute
to the presence of an additional source of perturbation due to the
inconsistent incorporation of the magnetic field on top of purely
hydrodynamic initial data.
By increasing the magnetisation, these trends become more
acute. For models KMh-C and KMρ-C the maximum of the rest-mass
density drops to a ∼ 15% fraction of ρmax,0 and the total mass of
the disc drops to ∼ 33% of the initial mass. The change is more
dramatic for the model MFD-C, where the final density is a ∼ 7%
fraction of ρmax,0 and the final mass is a ∼ 10% fraction of the
initial mass. Again, this is due to the perturbation introduced by the
magnetic field being too large. Lastly, for the highest magnetised
case, the discs in models KMh-D and KMρ-D lose even more matter:
the maximum of the rest-mass density is a ∼ 15% of its initial
value and the final mass is around ∼ 23% of the initial mass. By
recalling the results from our resolution tests in Fig. 1 we note that,
Figure 10. Evolution of the mass of the disc in units of its initial value.
From top to bottom, the panels correspond to βm = 103, 10, 10−1, and
10−3. Models MFD, KMh and KMρ are shown in blue, red and green lines,
respectively, in each panel. The initial perturbation triggers the accretion of
mass on to the black hole for all models. The effect is more pronounced and
rapid as the magnetisation is increased, especially for the MFD discs, where
mass is also expelled, for which the final mass drops to a ∼ 10% value of
the initial mass for βm = 10−1 and to negligible values for βm = 10−3.
at our fiducial resolution, we are overestimating the mass loss for
the highly-magnetised KM models by about 10%. For the MFD-D
model, Figs. 10 and 11 reveal that the disc is rapidly destroyed at
the beginning of the evolution, as the total mass drops to negligible
values during the first orbital periods. The maximum of the rest-
mass density also vanishes but at a different rate, as the code keeps
track of the matter that is being expelled away.
5 DISCUSSION
In this paper we have built equilibrium solutions of magnetised
thick discs around a highly spinning Kerr black hole (a = 0.99).
The study has considered non-self-gravitating, polytropic, constant
angular momentum discs endowed with a purely toroidal magnetic
field. The initial data have been constructed considering three dif-
ferent approaches. In two of them, which we labelled KMh and KMρ,
the magnetic field has been incorporated in a consistent way in the
solution, and they differ by the fluid being relativistic or otherwise
from a thermodynamical point of view. In the third approach (MFD)
the magnetic field has been incorporated as an ‘ad hoc’ perturbation
on to an otherwise purely hydrodynamical solution. This straight-
forward last approach has also been adopted by previous works
(e.g. Gammie et al. (2003); Noble et al. (2006); Shiokawa et al.
(2012); Porth et al. (2017);Mizuta et al. (2018); Bowen et al. (2018);
Event Horizon Telescope Collaboration et al. (2019b)). However,
those studies are based on poloidal magnetic field setups, which
lead to MRI unstable evolutions. Hence, our findings for toroidal
distributions should not necessarily be taken at face value for other
types of field setups.
The initial data have been perturbed and evolved up to a final
time of about 100 orbital periods using the BHAC code (Porth et al.
2017) which solves the non-linear GRMHD equations. We have
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Figure 11. Evolution of the maximum of the rest-mass density at the
equatorial plane normalized by its maximum at the initial time. From top
to bottom, the panels correspond to βm = 103, 10, 10−1, and 10−3. Models
MFD, KMh and KMρ are shown in blue, red and green lines, respectively, in
each panel. The maximum rest-mass density stays close to its initial value
for the less magnetised models but drops as the magnetisation is increased,
especially for the MFD discs.
analysed the stability properties of the initial data under a small per-
turbation that triggers the accretion of mass and angular momentum
on to the black hole. The various outcomes of the different prescrip-
tions used to account for the magnetic field have been compared for
increasingly larger values of the disc magnetisation. We have ex-
plored, in particular, four representative values of the magnetisation
parameter βm spanning from almost hydrodynamical discs to very
strongly magnetised tori.
Notable differences have been found in the long-term evolu-
tions of the initial data. Most importantly, our study has revealed
that highly magnetised discs (namely, βm = 10−3) are unstable,
and hence prone to be accreted or expelled, unless the initial data
incorporate the magnetic field in a self-consistent way. Only for
weak magnetic fields, the long-term evolution of the models is un-
affected by the way the magnetic field is incorporated in the initial
data. We note, in particular, that in the simulations by the EHT
Collaboration, despite the magnetic field is not consistently built
in, the values of the magnetisation parameter are sufficiently small
(βm = 102) not to artificially affect the stability of the discs. In
our consistent approaches the evolution leads to the formation of
smaller mini-discs with weaker magnetisation when compared to
the initial state, surrounded by a highly magnetised, low density
envelope. In general we find that the disc angular momentum in-
creases during the evolution with respect to the initial constant value
and the discs become smaller and stripped of any external material
for increasing values of the magnetisation. This is in agreement
with previous results from Wielgus et al. (2015), who found that
magnetised discs (βm = 0.1 , 1.0) are stable to axisymmetric pertur-
bation, although those simulations are fairly short, extending only
t ∼ 4torb. Our simulations are also consistent with those of Montero
et al. (2007) (again, significantly shorter) where the frequencies
of quasi-periodic oscillations of the discs were computed from a
quasi-stable configuration for weakly and mildly magnetised discs.
Twoobvious limitations of thiswork have to dowith our simpli-
fying assumptions. Firstly, a constant specific angular momentum
distribution is simplistic and unrealistic. And secondly, a purely
toroidal magnetic field distribution is very unlikely to exist in a
realistic astrophysical scenario (see Ioka & Sasaki (2003) for a dis-
cussion on this topic). Therefore, we could extend this study in two
directions, namely i) considering non-constant angular momentum
distributions, and ii) considering poloidal magnetic field distribu-
tions (to this end, we first have to construct consistent initial data).
Finally, we note that the similarities we have found in the evolutions
of approaches KMh and KMρ are expected due to the small deviation
of the value h ' 1 for a potential gap of |∆W | = 0.2216. However,
other types of compact objects might provide larger potential gaps
(e.g., the Kerr black holes with scalar hair described in Gimeno-
Soler et al. (2019) achieve values of |∆W | > 1). For this reason, we
could expect to find differences in the evolution between approaches
KMh and KMρ for such central objects even for low magnetised discs.
This study will be reported elsewhere.
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